Effective topological field theories describe the topological properties of Dirac fermions in the low-energy regime. In this work, we consider fermions coupled to a SO(5) Cartan connection on suitable four-dimensional compact manifolds. We show that the corresponding effective topological field theory, suitably constrained on the basis of topological motivations, gives rise to a gravitational action with a cosmological constant and Barbero-Immirzi parameter which is compatible, at classical level, with the vacuum general relativity.
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PACS numbers:
Introduction.-As is well known, general relativity (GR) represents the most important theory that describes classical gravity. It is a geometric theory characterizing the dynamical properties of spacetime but the development of a theory aimed to achieving a synthesis between quantum physics and gravity would represent a major breakthrough.
In the language of differential geometry, the mathematical structures of GR in the first-order formalism and gauge theory appear very similar at classical level and for this reason, in the MacDowell-Mansouri theory [1, 2] , GR was reformulated as a Yang-Mills theory. However even in this case it remains perturbatively non-renormalizable.
If gravity is a fundamental force then the problem of quantization should be solved by considering Einstein's theory only as the low-energy limit of some more fundamental theory [3] , or alternatively, by considering the classical spacetime itself only a rough approximation of a fundamental quantum spacetime [4] . Although in the last decades there have developed several approaches following these lines of thought a real unification is still lacking, not to mention that it is very hard to probe these theories by carrying out direct experimental measures at the energy required by quantum gravity (Planck scale).
There are however other minimalist approaches [5] in which gravity is not considered as a fundamental interaction and GR could be a low-energy effective field theory of a standard quantum field theory when suitable ingredients are called into play. This is the idea behind Sakharov gravity [6, 7] in which fermions, bosons, spacetime and metric are yet present at fundamental level, but the dynamics of gravity is emergent although curvaturesquared terms appear in the effective action at one-loop which deviate from standard Einstein's theory.
Similar results in presence of torsion were found in [8, 9] by using the heat-kernel expansion and following Connes' spectral action principle [10] which states that any physical action should be deducible from the spectral properties of some suitable Dirac operator.
In this work we are going to follow the emergent gravity approach by employing the first-order formalism for gravity in the framework of Cartan geometry (see, e.g. [11] [12] [13] ) with Lie algebra-valued forms [13] . We will start considering a microscopic Dirac theory on suitable manifolds in which fermions are coupled to a SO(5) Cartan connection made by combining together spin connection and tetrads. Integrating out the fermionic fields we achieve the corresponding effective topological field theory [14] which, suitably constrained on the basis of topological motivations, will give rise to a gravitational theory with a positive cosmological constant and Barbero-Immirzi parameter [15] fixed to one [16] . The corresponding equations of motion are compatible with the vacuum Einstein equations. Note that the idea that a gravitational theory could be derived from a topological field theory is not new because it is well known that Einstein-Hilbert action is formally equivalent to a constrained BF theory [17, 18] that can be connected to MacDowell-Mansouri theory when a positive cosmological constant is included [19] . Finally, in the context of topological phases of matter, a link between topological theories, fermions and gravity was already highlighted in [20] .
Fermionic theory.-We start considering massless Dirac fermions living on a four-dimensional compact spin manifold M without boundary and with Euclidean signature. The corresponding fermionic action is given by
where
Here D = γ a e µ a D µ , where γ a are 4 × 4 Euclidean Dirac matrices, a, µ = 1, 2, 3, 4, ψ is a four-component spinor, α is a dimensionless constant, m is a real constant with dimension of a mass, ω µ and e µ represent the SO(4) spin connection and tetrads (frame fields) respectively which are considered independent variables following the Palatini approach to gravity [21] . This implies in general the presence of a non-null torsion [22] . In the above Dirac operator there appears also a non-standard term proportional to m which derives from the fact that we have imposed on the spinor field the invariance with respect to local Poincaré transformations. We remind that in gauge theory the invariance of spinor fields with respect to local unitary transformations requires the introduction of covariant derivatives where the connections (gauge fields) represent the generators of Lie groups. Hence in such gauge-gravity procedure [11] the request of invariance of spinor field with respect to local Poincaré transformations means that the standard derivative must be replaced by the appropriate covariant derivative in which the connection is a linear combination of ω µ and e µ which are the generators of Lorentz transformations and spacetime translations respectively. For what concerns the tetrads, it was found in [23, 24] that
where s 2 = 1, γ 5 = iγ 1 γ 2 γ 3 γ 4 and P a = iγ a (1 + sγ 5 ) are the generators of spacetime translations in the spinorial representation. It is important to remark that the presence of a real constant m in (1) is necessary for dimensional reasons and it can be seen as a scale of energy. Note that the connection form of the Dirac operator in (2), namely
is a SO(5) Cartan connection form [13] which plays a fundamental role in the MacDowell-Mansouri theory where GR with a positive cosmological constant is reformulated as a Yang-Mills theory. Furthermore, in the next section, we will derive a gravitational action which coincides with the generalized MacDowell-Mansouri theory [13, 25] in which the Barbero-Immirzi parameter is naturally included.
To do this, we have to focus on the physical properties of our microscopic model in the low-energy regime. These are described by a suitable effective field theory S eff achieved by integrating out the fermionic fields in the corresponding partition function of S
In order to evaluate the corresponding effective topological action S top eff which is the dominant part of S eff at ground state, we observe that the Dirac operator has the following matrix form
− are the chiral components of the operator D. In this manner we can use now the result found in [14] , where we showed that S top eff results to be proportional to the topological index of D + [26, 27] , namely
On compact spin manifolds without boundary, this index receives no contributions [28, 29] from the topological Nieh-Yan term [30] . In such a way the corresponding effective topological action is simply given by
which is proportional to Pontrjagin invariant [27] , where tr is the trace (Killing form) and the curvature form R A = d A A, in terms of e and ω, is given by
Here R ω = d ω ω and T ω = d ω e are the curvature form and torsion of ω respectively. Moreover there exists an involutory automorphism A →Ā with
such that [13] tr (
where ⋆ represents the internal Hodge dual (⋆ 2 = 1) and
Emergent Euclidean gravity.-We show now that for particular manifolds the topological action (8) describes a gravitational theory. Thus we consider manifolds M which saturate Hitchin's bound [31] 
where χ and τ are the Euler characteristic and the Hirzebruch signature [27] respectively which, in terms of R A , are given by
The condition (13) is satisfied when the topological quantities in (11) are mutually equivalent, i.e. when R A and RĀ transform as follows
These self-dual and anti-self dual relations appear in the context of gravitational instantons [27] and thanks to (9) and (12), they fix the following constraint between the spin connection ω and the tetrads e m T ω = ⋆(R ω + m 2 e ∧ e).
By using the above relation, we can replace the torsion in (9) and the effective action (8) (at this point we omit the label "top") becomes
In this action only the last three terms are relevant at classical level simply because the first two terms are topological invariants with vanishing variation and the third one vanishes thanks to Jacobi identity [13] while the fourth term is null only for the torsion-free connection. Performing the following identifications
where Λ is a positive cosmological constant and G is the Newtonian constant, then the action (17) acquires the following form
where we recognize the Hilbert-Palatini action with a cosmological constant while the third term represents the Holst term [32] with the Barbero-Immirzi parameter fixed to one [15, 16] . Moreover this action coincides with the generalized MacDowell-Mansouri action. It is important to remark that although in the fermionic model we started considering tetrads and spin connection independent variables, now they must satisfy the constraint (16) which replaces the standard metricity condition and then we take the tetrads as the only free variables. By varying the action with respect to the tetrads we have that
where we have used the first Bianchi identity and the constraint (16) . Combining again these last equations with (16) multiplied for e ∧, we achieve the following identity
Moreover applying the exterior covariant derivative d A on both sides of (9) combined with (16), (20) , (21) and by using the second Bianchi identity, i.e. d A R A = 0, we find that
The equations (20) and (22) formally resemble the second Bianchi identity and the classical Yang-Mills equations in gauge theory where A and T ω are replaced by an Ehresmann connection and the corresponding curvature form respectively. It is quite easy to note that (20) , (21) and (22) are satisfied at the same time when there exists an anti-self-dual or null torsion, i.e.
with k = −1, 0. In this last case, ω reduces to the LeviCivita connection ω and the equations of motion in (20) become
which are nothing but the vacuum equations of GR with a positive cosmological constant. However, strictly speaking, compact Riemannian manifolds M with connection ω satisfying (13) support only Ricci-flat metrics [31, 33] , which are compatible with the equations (24) only when Λ = 0. This is a sort of topological obstruction to the existence of a cosmological constant when we want to define the metric solutions of (24) on the whole compact manifold. The study and implications of our model on non-compact spacetimes and in presence of bosonic gauge fields and matter will be developed in a future work.
Conclusions.-Summarizing we have shown that a gravitational theory which is compatible at classical level with Euclidean GR, could be seen as arising from a constrained topological theory which represents the lowenergy effective theory of a microscopic massless Dirac theory on curved spacetime. It is important to remark that in our approach the cosmological constant Λ is not connected with the Planck energy scale as happens in the standard emergent gravity scenario [6, 7] . This seems an important point for cosmology where a small positive cosmological constant might drive the accelerated expansion of the universe. Finally there are several open questions and challenges concerning the development of this theory on compact and non-compact Lorentzian spacetimes.
